Abstract This paper presents a new framework for capturing large and complex deformations in image registration and atlas construction. This challenging and recurrent problem in computer vision and medical imaging currently relies on iterative and local approaches, which are prone to local minima and, therefore, limit present methods to relatively small deformations. Our general framework introduces to this effect a new direct feature matching technique that finds global correspondences between images via simple nearestneighbor searches. More specifically, very large image deformations are captured in Spectral Forces, which are derived from an improved graph spectral representation. We illustrate the benefits of our framework through a new enhanced version of the popular Log-Demons algorithm, named the Spectral Log-Demons, as well as through a groupwise extension, named the Groupwise Spectral Log-Demons, which is relevant for atlas construction. The evaluations of these extended versions demonstrate substantial improvements in accuracy and robustness to large deformations over the conventional Demons approaches.
Introduction
The ability to capture complex image deformations and establish accurate pointwise correspondence is key to many computer vision applications that involve image registration and atlas construction. Unfortunately, these properties become particularly challenging when the object depicted on the images undergoes a severe deformation or has in general a high shape variability. Current methods register images using Euler-Lagrangian approaches that slowly warp images until a satisfying overlap is attained. This is typically achieved by minimizing a deformation energy governed by laws of continuum mechanics that model elastic or viscous, or nonrigid, deformations. A state-of-the-art is surveyed in (Crum et al. 2004 ). Parametric models (Rueckert et al. 1999; Chui and Rangarajan 2000) simplify the registration by restraining the minimization to a few parameters, while non-parametric models use the entire space of displacement fields. The minimization is now often restrained to the diffeomorphism group (Miller et al. 2002; Beg et al. 2005; Bossa et al. 2007; Allassonnière et al. 2007; Durrleman et al. 2011; Vercauteren et al. 2009 ), which consists of differentiable and reversible transformations. This prevents an invalid folding of the deformation field and guarantees a smooth one-to-one mapping between points. The computation of an average shape, or an average image (Studholme and Cardenas 2004; Bhatia et al. 2004; Zollei et al. 2005) , also often referred as atlas construction, is facilitated with the use of diffeomorphic transformations. They are key for the unbiased construction of atlases (Joshi et al. 2004; Avants and Gee 2004; Marsland et al. 2003) , where transformations are paths on a Riemannian manifold that represents the space of diffeomorphism. Geodesic paths in such space represent optimal transformations of images for constructing an atlas. They can be elegantly modeled using the large diffeomorphic deformation map-ping metric (LDDMM) framework (Beg et al. 2005; Beg and Khan 2006; Bossa et al. 2007) or forward scheme approaches (Allassonnière et al. 2007; Durrleman et al. 2011) . Guimond et al. (2000) proposed a fast and efficient algorithm for atlas construction that uses sequential image registrations. This approach is further refined in order to produce diffeomorphic transformations (Peyrat et al. 2007; Lombaert et al. 2011b Lombaert et al. , 2012c Wu et al. 2011) . The update schemes underlying these methods rely, however, on forces derived from the image gradients and are, therefore, fundamentally limited by their local scope. For example, gradients are null in textureless areas and optimization is undermined by local minima. A typical response to this limitation is to capture larger displacements on coarser versions of images. A multilevel scheme consequently propagates these larger displacements back to the original resolution. Preconditioning steps could also be used (Zikic et al. 2011) . However, such approaches do not fundamentally solve the underlying problem: the scope of gradient-based updates remains local, even in coarser resolutions. This local scope typically limits current registration and atlas construction methods to small and local deformations between images. Large deformations were tackled in computer vision by matching region-based descriptors. For instance, SIFT Flow (Liu et al. 2008 (Liu et al. , 2011 ) finds a dense correspondence from local patch descriptors by approximating a discrete optimization. The Large Displacement Optical Flow (Brox et al. 2009; Brox and Malik 2011 ) also uses regionbased descriptors that produces a dense mapping whose nonconvex optimization is facilitated with a hierarchical matching of super regions. Discrete optimization schemes (Glocker et al. 2011; Zikic et al. 2010; Shekhovtsov et al. 2007 ) have attractive optimality properties but remain, however, limited to finite sets of displacement vectors.
In order to capture very large and complex deformations, we introduce a new approach for image registration based on a direct feature matching technique that generates updates with a global scope. To do so, the pointwise correspondence between images is established with simple nearest-neighbor searches in a multidimensional space (Lombaert et al. 2011a ) that comprises information on image feature, e.g., pixel intensities, space, e.g., Euclidean coordinates of pixels, and on global image geometry, e.g., geometric characteristics. Closest points in this multidimensional space highlight in fact the best compromise between these three properties. The simplicity of this technique allows the use of graph spectral representations (Chung 1997) as matching features. Since they are invariant to isometry, when geodesic distances are preserved, objects with large and complex deformations would share similar spectral representations. Such strong property can be exploited to determine an accurate dense pointwise correspondence between images.
Spectral methods (Chung 1997; Grady and Polimeni 2010; Umeyama 1988; Scott and Longuet-Higgins 1991; Shapiro and Brady 1992) are popular for general graph partitioning problems and are applied in computer vision for matching meshes (Jain and Zhang 2006; Mateus et al. 2008; Reuter 2009; Lombaert et al. 2011a Lombaert et al. , 2013a , point sets Hancock 2000, 2003) , and for representing shapes (Wilson et al. 2010; Konukoglu et al. 2013 ) and improving shape retrieval (Egozi et al. 2010) . Pioneered in the late 80s, (Umeyama 1988; Scott and Longuet-Higgins 1991; Shapiro and Brady 1992) , spectral correspondence methods find shape similarities by comparing eigenvectors of a proximity matrix derived from the mesh structure. Recent work, surveyed in (Zhang et al. 2010; Kaick et al. 2011) , uses different types of proximity matrices, graph structures and spectrum deformations (Jain and Zhang 2006; Mateus et al. 2008; Lombaert et al. 2011a Lombaert et al. , 2013a . However, the spectral representation of images, which is also strongly linked with Normalized Cuts (Shi and Malik 2000; Meila and Shi 2000; Weiss 1999) , have never been used for dense and accurate image registration. Diffeomorphism is, however, not guaranteed by spectral correspondence methods, nor by our direct feature matching technique, since simple nearestneighbor searches could leave unassigned correspondences. Our approach consequently consists of performing our direct feature matching technique within a diffeomorphic framework for image registration or atlas construction, such as for instance the symmetric Log-Demons algorithm (Vercauteren et al. 2007 (Vercauteren et al. , 2008a . The resulting method, called Spectral Log-Demons (Lombaert et al. 2012a) , enables a symmetric and diffeomorphic registration of images undergoing large and complex deformations. In fact, any algorithm that currently relies on local gradient-based updates could be adapted to use our new Global Spectral Forces. A preliminary version of Spectral Log-Demons has been published in (Lombaert et al. 2012a) . Here, the method is fully explained and we provide extensive details as well as the general intuition behind the Spectral Forces. A second example is provided by extending the conventional symmetric Demons algorithm (Vercauteren 2008b ) in order to perform groupwise registration (Lombaert et al. 2012b ), i.e., the atlas is computed in parallel to the registration process rather than with a series of pairwise registrations. Similarly, this new method, named Groupwise Log-Demons, or GL-Demons, can be adapted to use Spectral Forces, yielding the Groupwise Spectral LogDemons algorithm, or GSL-Demons.
The next section will describe our new direct feature matching technique, briefly review the Log-Demons algorithm, describe its extension for groupwise registration in GL-Demons, and above all, explain how the new Spectral Forces, may be used for image registration and atlas construction, for instance in the Spectral Log-Demons and GSLDemons algorithms. The subsequent evaluation will focus on illustrating and assessing the properties, advantages and main lines of the new algorithms. The experiments will effec- tively show that this fundamentally new approach can naturally capture very large and complex deformations and can additionally demonstrate substantial improvements over conventional approaches.
Methods
Our strategy consists of exploiting the global scope and the speed of nearest-neighbor search methods for the purpose of capturing very large deformations between images. We begin our methodology with our simple and direct feature matching technique followed by how spectral representations can be utilized as geometrical features. Finally, we explain how our new extended direct feature matching technique can be used within diffeomorphic frameworks for image registration and atlas construction of images with very large deformations.
Direct Feature Matching
Image registration warps a moving image M toward a fixed image F through a transformation φ that maps points from F to M. In this paper, we interpret the registration problem as a direct feature matching problem, where feature vectors F and M, representing images F and M, are matched via an unknown correspondence map φ. For instance, features can include image intensity and spatial information:
, where I (·) is a pixel intensity and x(·) = (x, y) is a point coordinate, both weighted with parameters α i,s .
Our general matching problem consists of finding an optimal correspondence map:
where F(i), the multidimensional characteristic of point i ∈ F, should correspond to M(φ(i)), the most similar characteristic found in image M. This is also written as F → M•φ and can be directly solved with a nearest-neighbor search between F and M with, for instance, a Voronoi tessellation or a k-d tree. If point j ∈ M is found to have the closest characteristic to that of point i ∈ F, then φ(i) = j. This effectively provides similarity in pixel intensity and closeness in space between corresponding pixels, as illustrated in Fig. 1 . It minimizes the similarity criterion:
where
2 is the sum of intensity differences, and
integrates the L 2 norms of the displacements between corresponding points, which effectively acts as a form of spatial regularization.
However, such criterium lacks information on the intrinsic image geometry: objects in images can have different poses or be severely deformed, in which case, equivalent points on deformed objects will result in very different Euclidean coordinates. This is illustrated on Fig. 1 
Spectral Correspondence
The spectral representation of shapes (Chung 1997; Grady and Polimeni 2010; Umeyama 1988; Scott and LonguetHiggins 1991; Shapiro and Brady 1992; Jain and Zhang 2006; Mateus et al. 2008; Lombaert et al. 2011a) can be regarded as a unique shape description or signature, and has the strong property of being invariant to isometry, i.e., corresponding points between shapes in different poses would share the same shape coordinates, called here spectral coordinates, even if these points are far away in space. For instance, a point on a nose tip has a unique geometric description even if it moves in space. By adding these spectral coordinates in our feature space, we enforce an intrinsic geometric consistency in our matching technique.
Spectral Graph Theory
The connected undirected graph G = (V , E ) is constructed with the vertices V representing pixels of an image I Ω , bounded by a contour Ω, and the edges E defined by the neighborhood structure of these vertices. Such graph can be represented with its adjacency matrix W in terms of affinity weights (Grady and Polimeni 2010) where high weights are given to edges within a region of uniform intensity and low weights are given to edges crossing region boundaries. For instance, (Grady and Polimeni 2010) , which is a |V | × |V | sparse matrix where G is the diagonal node weighting matrix, e.g., G = D.
Spectral Coordinates
The graph spectrum (Chung 1997) computed from the decomposition of the general Laplacian L = X T ΛX comprises the eigenvalues, in increasing order, Λ = diag(λ 0 , λ 1 , . . . , λ |V| ) and their associated eigenvectors X = X (0) , |V|) . Here, X is a |V | × |V | sparse matrix where each column X (·) is an eigenvector. The first eigenvector X (0) is the stationary distribution, which is also related to the expected return time of a random walker. The following eigenvectors associated with the non-zero eigenvalues are the fundamental modes of vibrations for the shape depicted by I Ω with free ends. We thus prefer the term eigenmode since they are effectively functions over I Ω . They are visualized as images, as shown in Fig. 2 . The eigenmodes of lower modal frequencies are harmonics depicting coarse geometric properties of I Ω while those associated with higher eigenvalues depict finer geometric details in I Ω . Moreover, the oscillations at a modal frequency λ occur around nodal sets, which are lines where the eigenmodal value is 0. They reside on prominent demarcations of the shape geometry. For instance, graph-based segmentation methods (e.g., Shi and Malik 2000; Meila and Shi 2000) rely on the nodal set of X (1) , called the Fiedler vector (Chung 1997) , to find a binary partition of an image. Additional nodel sets may also be considered (Ding and He 2004) . The number of half waves in these oscillations, or the number of extrema in the eigen-modal values, is also given by the algebraic multiplicity of their eigenvalue, n λ . In our approach, summarized in Algorithm 1, we consider the first k eigenmodes of lower modal frequencies X (1..k) , which correspond to the strongest intrinsic geometric descriptors. Their components represent the k-dimensional spectral coordinates X in a spectral domain 1 where each point i has the coordinates
. In other words, X (i) is a truncated line of matrix X. The spectral representation X has the strong property of being quasi invariant to isometry: if F and M are images of the same object in different poses, equivalent points would share similar coordinates X F and X M . We use this property to improve our direct feature matching by extending Eq. 2 with these spectral coordinates, which are weighted with α g . A nearest-neighbor search between
provides similarity in intensity, space and in intrinsic geometric characteristics, effectively minimizing:
where X M•φ are the spectral coordinates of the corresponding points in the transformed image M • φ. The choice of the number of spectral components k = n λ 1 is motivated by the Colin de Verdière's number (Tlusty 2010) which is in this case the multiplicity of the Fiedler vector n λ 1 and is also related (Tlusty 2010) to the maximal dimension of a space in which the graph G can be mapped. The eigenspace of the Fiedler eigenvalue reveals the principal symmetries in I Ω and, n λ 1 ≤ 2 in 2D, n λ 1 ≤ 3 in 3D. More complex symmetries in the cyclic or dihedral group could be considered with a higher k, but is not required in our method.
1 In our notation x is the Euclidean coordinates, e.g., x, y, z in 3D, and superscripted X (u) is the u th component of the spectral coordinates X
Rearrangement of the Spectra
Unfortunately, the spectral coordinates X F and X M of points in F and M may not be directly comparable as a result of two phenomena. Firstly, there is a sign and scaling ambiguity between corresponding eigenmodes. If X (·) is an eigenmode of L, so is −αX (·) . This requires a sign check and a scaling correction between X F and X M . Secondly, the order of the eigenmodes is undefined within an eigenspace. If two eigenmodes X (u) , X (v) share the same eigenvalue, their order (u, v) may differ between two images. The order is additionally perturbed with imperfections in isometry, since near-symmetry creates close but not equal eigenvalues and may change order between images. We rearrange the spectral coordinates using two new simple heuristics.
The first issue is addressed by scaling the values of each eigenmodes in order to fit the range [−1; +1]. The nodal set, where X (·) = 0, is thought to remain on a prominent geometric feature, in fact, an axis of symmetry in a Riemannian sense, and should not be changed. We scale thus the positive values, where
The second issue is addressed by finding the optimal permutation π such that X (·)
correspond with each other. The Hungarian algorithm, also used in Mateus et al. (2008) , Lombaert et al. (2011a) , minimizes the following 2D dissimilarity matrix:
The first term is the difference in eigenmodal values between the images and, the second term measures the dissimilarities between the joint histograms h(i, j), which is a 2D matrix where an element (i, j) is the joint probability of having at the same time a pixel with intensity i and eigenmodal value X (·) = j. The sign ambiguity can be removed by using, instead, the dissimilarity matrix
is the cost of pairing eigenvector X (u) with the negative −X (v) . To keep the notation simple, in the next sections, we assume that the spectral coordinates have been appropriately signed, scaled and reordered.
The ordered spectral coordinates is capable of providing unique geometric features in our new direct feature matching technique, which effectively add quasi invariance to changes in pose and to shape deformations when establishing correspondences. Small perturbations in shape isometry, which may be caused by small local distortions, are responsible for differences in spectral coordinates between shapes. Fortunately, these differences become smaller when images are warped together. The direct feature matching technique may also generate a many-to-one mapping between points and leave points with unassigned correspondences. Diffeomorphism is, therefore, not guaranteed since invalid folding of space may be created by the correspondence map. We now explain how these issues can be addressed in order to register images and construct atlases.
Pairwise Registration
In a pairwise registration, one moving image M is nonrigidly aligned to a fixed image F, and establishing correspondences is crucial in the registration process. The direct feature matching technique described earlier is able to capture very large deformations, but is however not able to guarantee a diffeomorphic transformation. Conventional registration methods and our direct feature matching technique may benefit from each other in many aspects. Firstly, conventional registration methods may be improved in order to capture very large deformations by simply replacing their update schemes, which are typically based on image gradients, with our direct feature matching technique, which uses spectral correspondence. The updates derived from our approach have, therefore, a global scope instead of a typical local scope. They capture global geometrical similarities rather than directions defined within local a neighborhood. Secondly, our technique may generate better correspondences if the alignment between images is refined through iterations. Both images would ultimately become identical in an optimal registration method, which would, therefore, result in identical spectral coordinates. For these reasons, we modify one conventional registration method in order to perform spectral correspondence. As an example, we enhance the established Log-Demons algorithm (Vercauteren et al. 2007) , which is simple and intuitive. Note, however, that our approach could be applied to other algorithms.
Log-Demons
The Log-Demons algorithm is now briefly reminded. From the theory of Lie groups, a diffeomorphic transformation φ, which resides on a Lie group structure, is related to the exponential map of a velocity field v, its associated Lie algebra: φ = exp(v). In the case of stationary velocity fields, a practical and fast approximation is possible with the scaling-andsquaring method (Vercauteren et al. 2007 ) (Algorithm 2). Additionally, the inverse of the transformation is simply
The Log-Demons framework alternates between the optimization of a similarity term, e.g.,
, and a regularization term, e.g., Reg(v) = ∇v 2 , through the introduction of a hidden variable, that is the correspondences c. This allows a small error between alternations, e.g., dist(c, φ) = c − v . The analogy with Maxwell's demons is made by considering small demons, sitting on each pixel, that pull and push forces in order to deform the moving image (Pennec et al. 1999) . Additionally, invariance to the order of the input images is possible with the symmetric extension of the algorithm (Vercauteren et al. 2008a (Vercauteren et al. , 2009 ). The energy of the symmetric Log-Demons may be written:
where the Euler-Lagrangian updates are computed directly on the stationary velocity field v and consist of the average of the forward and backward updates u F→M , u M→F mapping F to M • exp(c) and, M to F • exp(−c) such as (see Vercauteren et al. 2007 for more details):
It can be shown Cachier et al. (2003) that the alternating minimization of Eq. 5 can be achieved at relatively low cost with convolution kernels K fluid,diffusion , e.g., Gaussian with standard deviations σ fluid and σ diffusion . In a first step, the transformation φ = exp(v) is fixed and the correspondence update u is computed with Eq. 6. In the second step, the stationary velocity field v of the transformation is computed via the intermediate regularization of the correspondence update u ← K fluid · u and of the updated velocity field v ← K diffusion · (v + u). The Log-Demons regularization can also be formulated as a Tikhonov problem, in which an optimal velocity field can be obtained by filtering correspondences in the Fourier domain (Mansi et al. 2011) . The weighting α i , α x and α T are in practice dictated (Mansi et al. 2011 ) by these regularization parameters σ fluid and σ diffusion . The general symmetric diffeomorphic Demons framework is summarized in Algorithm 3.
Spectral Forces and Spectral Log-Demons
The correspondence update u is, however, limited by the local scope of the image gradient. This limitation is in fact also true for most conventional registration algorithms that base their iterative scheme on the image gradient, such as all current Demons variants. They typically circumvent this limitation by using a multiresolution scheme, even though this does not change the local scope of image gradients in the coarser resolutions.
The conventional Log-Demons algorithm is, therefore, extended in order to perform spectral correspondence. The so-called Spectral Log-Demons algorithm (Lombaert et al. 2012a ) takes advantage of the efficient general diffeomorphic Log-Demons framework and finds the correspondences between images F and M using spectral correspondence. To be more precise, the first two steps of Algorithm 3, which originally compute updates from image gradients with Eq. 6, now perform spectral correspondence between images F and M • exp(v). The correspondence update u F →M is simply defined as the displacement vectors created by the output of Algorithm 1. It drives the registration with a different strategy, and is, therefore, referred as Spectral Forces in the Spectral Log-Demons algorithm. The symmetric correspondence between M and F • exp(−v) is computed similarly by setting u M →F with the output of Algorithm 1. This modification enables large jumps in each iteration where points are moving toward their isometric equivalent even if they are far away in space. This virtually enables the capture of very large deformations, provided that they are invariant to isometry, between images as well as a faster convergence of the algorithm.
The energy underlying the Spectral Log-Demons has the form of the general Eq. 5 where its similarity term is expressed with Eq. 3:
where the parameters α i,s,g control the consistency in intensity, space and geometry, and α x,T are the traditional Demons parameters controlling the step size and the regularization. In practice, α i = 0.8 is general enough for a broad range of images with intensities ranging between [0; 1]. The spatial and geometrical consistency, α s = 0.15 and α g = 0.05, prevents too small or too large displacements during a single iteration, which produces, in practice, a faster warping of images toward their registration. We show, later in Sect. 3.1.3, that best combinations actually have ratios of parameters between 1/10 < α g /α s < 1/3.
Multilevel Scheme
A multilevel scheme could be motivated with the assumption that large deformations are often related with coarse geometric information. The correspondence update u can, therefore, be computed with spectral correspondence in the lower levels of resolution, while finer details and local deformations can be computed more efficiently with the conventional gradientbased updates in the higher levels of resolutions. The eigenmodes are consequently computed only in the coarser levels of resolution, on smaller images, and therefore, in a faster time. On the same note, the computation of the eigenmodes can be used with the efficient Lanczos method, which is used by Matlab. It has a running time of O(n √ n)+ O(n 2 ) (Shi and Malik 2000) , where n is the number of pixels in I Ω , while spectral matching can be performed with a k-d tree which is built in O(n log 2 n) and queried in O(log n).
Groupwise Registration
In a groupwise registration, a set of N images {I i } i=1..N is registered in parallel with a reference shapeĨ that evolves until a convergence is reached on an average shapeĨ . In order to further illustrate the benefits of using Spectral Forces, within conventional registration methods, we extend the symmetric Log-Demons algorithm (Vercauteren 2008b ) in order to perform groupwise registration (Lombaert et al. 2012b ) by using either classical gradient-based updates (in the Groupwise Log-Demons, or GL-Demons), or Spectral Forces, (in the Groupwise Spectral Log-Demons, or GSL-Demons).
Groupwise Log-Demons
Our new shape averaging framework is based on Guimond et al. (2000) approach where they construct the average image Fig. 3 Groupwise Demons. Simultaneous registration of 4 images (blue circles) toward a reference image that evolves in the space of diffeomorphisms (colored manifold). The reference image is computed in parallel and converges to the average shape (middle red circle) (Color figure online) I sequentially by alternating between pairwise registrations (fixing a reference image) and updates of the average image (transforming the reference image). Our novelty is to directly computeĨ in parallel with the simultaneous, or groupwise, registrations (illustrated in Fig. 3 ). To do so, in a first step, the symmetric Log-Demons algorithm (Algorithm 3) is slightly modified such that both the fixed and moving images, F and M, are deformed at the same time until they both converge toward an average shape. The original Eq. 5 is, therefore, changed for:
where In a second step, Eq. 8 is extended to incorporate N velocity fields that warp all images {I i • exp(c i )} i=1...N toward the dynamic reference imageĨ . The new groupwise framework is summarized in Algorithm 4 and its general energy is:
The reference image can be optionally generated with weighted contributions from all images. For instance, weights can be different than 1/N , for instance, to remove outliers. The minimization of all similarity terms, {Sim(Ĩ , I i )}, causes all warped images to become similar to the reference image and the sum of all velocity fields is brought to a minimal value at convergence. Similar to the convergence of (Guimond et al. 2000) , the Groupwise Demons framework effectively brings the reference image to the barycenter of all images. The dynamic reference image is simply generated withĨ
Groupwise Spectral Log-Demons
The Groupwise Demons framework, which has been so far described as using the conventional gradient-based updates, can also be extended to use Spectral Forces. Similarly to the Spectral Log-Demons, the Groupwise Spectral Log-Demons algorithm (GSL-Demons) uses the same Algorithm 4 with a different mapping function, where updates are computed with Algorithm 1. GSL-Demons enable, therefore, large jumps during the computation of the average shape, and allow points to be registered toward their isometric equivalents even if they are far away in the image. The use of this spectral approach permits the construction of atlases with images presenting very large deformations, and with fewer iterations. Typically 5 iterations are sufficient. The energy has the same form of Eq. 9 and uses the similarity term of Eq. 3:
Additionally, a multilevel approach is also possible where large and complex deformations can be captured in a low res- 
Results
The evaluation focuses on illustrating the properties and advantages of using our spectral approach in conventional registration methods. In controlled experiments, the full power of our Global Spectral Forces, is demonstrated in a pairwise and groupwise configurations (Spectral LogDemons and GSL-Demons) where images with drastic deformations are used. We also explore the impact of changing the algorithm parameters on registration. The improvement in registration accuracy, robustness to deformation and noise are all accurately assessed with ground truth data. Furthermore, we present practical applications with the construction of medical atlases of organs exhibiting a large shape variability.
Pairwise Registration
In the first controlled experiment, we evaluate the fundamental difference of our novel update scheme within the same registration framework, by comparing the Log-Demons and Spectral Log-Demons.
To do so, we analyze the convergence rate of both algorithms and, since we are not interested here in their final performance, we compare them within the same level of resolution. The parameters α i , α x and α T , which are in practice defined by σ fluid,diffuse , were first chosen by obtaining an optimized registration with the conventional Log-Demons algorithm. All algorithms use subsequently the same parameters: σ fluid,diffuse = 1, α x = 1. For now, we use k = 2 eigenmodes with the Spectral LogDemons, as well as the following weighting parameters: α g = 0.05, α s = 0.15, α i = 0.8, which favor consistency in geometry and intensity, while avoiding too large displacements in a single iteration. We register the images on Fig. 4 : Lena has size 128 2 , the heart is 75 2 and the baseball player is 110 × 75. Each moving image is generated with random diffeomorphic deformations φ truth with displacements of at most 25 pixels, i.e., we take the exponential map of a random velocity field generated with 15 random displacements at control points randomly located, and diffused across the image with a Gaussian smoothing σ = 10 pixels. Notably, Lena's hat, her neck and, the player's arm are the highest registration challenges, while the cardiac image, a 2D slice of an MRI, shows a papillary muscle (red circle on Fig. 4 ) severely deformed and almost fully collapsed. The muscle forms, however, a dent in the image and provides a signature that Spectral Log-Demons can understand. The iterations of the Log-Demons and Spectral LogDemons are compared in Fig. 5 . It shows that within the same level of resolution, the updates computed with spectral correspondence are coherent spatially and geometrically, i.e., points move toward their geometric equivalent, however the updates derived from the image gradient lack any global information on the shape geometry and put the Log-Demons into an erroneous local minimum.
The use of a multilevel approach allows the Log-Demons to capture larger deformations, as shown in the second row of Fig. 6 , but does not change the inherent local scope of its update scheme. For instance, the Log-Demons, even with 4 levels of resolution, ultimately fails in recovering the extreme deformations on the anterior side of the heart, while the Spectral Log-Demons, without a multilevel scheme, can successfully register the whole myocardium with a 71 % improvement in performance. This is observed with the decrease of the mean squared differences (or MSE) of intensities with the ground truth from 19.9 × 10 −3 to 5.7 × 10 −3 . The performance is further improved when 4 levels are used. In fact, the MSE decreases down to 2.4 × 10 −3 . This is a 88% improve- For comparison purposes, we also registered these images with the LDDMM algorithm (Beg et al. 2005) . We used the implementation of (Risser et al. 2011) , with 32 time steps and kernel bandwidth σ = 10 for Lena and the baseball player, and σ = 3 for the cardiac image. These settings led to the registrations shown on the top row of Fig. 6 . The LDDMM bared similar observations: areas of very large deformations were mismatched. By varying the kernel bandwidth from σ = 0 to σ = 20, Lena's hat, the thinner myocardial wall, and the baseball player's arm could not be correctly registered. One reason is that the underlying optimization in LDDMM also relies on the direction of image gradients. Again, both LogDemons and LDDMM are inherently limited by the local scope of their gradient-based update schemes, which may be inadequate to drive the registration within areas of very large deformations. However, the Spectral Log-Demons could naturally capture such large deformations since its underly-ing update scheme exploits global geometric characteristics rather than locally defined image gradients. This experiment demonstrates the effectiveness of using a spectral approach for very large deformations.
Additionally, the quality of the computed registration maps φ is evaluated in terms of difference of displacements, in pixels, with the ground truth φ−φ truth . The Log-Demons and LDDMM result in registration maps, shown in Fig. 7 , with larger errors in high deformation areas, such as in Lena's hat or neck, whereas the Spectral Log-Demons results in a smoother registration map with significantly less errors, with a 62 % decrease in these same areas.
The 
Robustness to Deformation
The robustness to deformation of the Spectral Log-Demons algorithm is evaluated on Lena's image by exaggerating the previous synthetic transformation from a zero displacement, φ 0 = exp(0v), to φ 2 = exp(2v), which creates a maximal displacement of 40 pixels (see samples on Fig. 8) . The performance is evaluated with the transformation differences, in pixels, from the ground truth. Both Log-Demons and Spectral Log-Demons perform with sub-pixel accuracy on deformations below 20 pixels, however they differ with larger deformations where our method shows a greater robustness. With a deformation of 40 pixels, which is more than 30 % of the image size, the average transformation error is 5.9 pixels with Log-Demons and 1.6 pixels with Spectral Log-Demons. That is a 73 % decrease over the conventional Log-Demons algorithm.
Robustness to Noise
The analysis on the robustness to noise reveals the current limitations of both algorithms. An increasing Gaussian noise is added to Lena's image, from σ = 0 to 0.25 (samples on Fig. 8) . Spectral Log-Demons performs better with noise σ < 0.075, however the comparison with control images, which are the unregistered noisy images, reveals that Log-Demons stops transforming the images when noise is increased. The registration is almost immediately trapped in a local minimum. Figure 8 shows that when using Log-Demons with noise σ = 0.13, the registered image is similar to its initial state. On the contrary, when using the Spectral LogDemons, the registration recovers the large deformations, even though the average displacement error is larger (6.8 pixels for Spectral Log-Demons vs 3.7 pixelsLog-Demons). This is noticeable in the hat area on Fig. 8 . With noise σ > 0.2, the corrupted images become problematic for Spectral Log-Demons, whereas Log-Demons is almost immediately trapped in a local minimum. With such noise levels, graph edge weights are almost null and may need a different heuristic weighting.
Weighting Parameters
The Spectral Log-Demons algorithm has a several regularization parameters: α i,s,g,x,T . The latter parameters, α x,T , come from the conventional Log-Demons algorithm and control smoothing of transformations. They correspond to the regularization terms in Eqs. 5 and 7, and are in practice dictated by the Gaussian widths σ fluid and σ diffusion as described in (Mansi et al. 2011) . The data term in Eq. 7 is controlled by α i,s,g , which respectively correspond to a weighting on intensity, spatial coherence and geometrical coherence. The effect of these three new parameters α i,s,g is studied by sweeping their values from 0 to 1 and measuring the registration accuracy in terms of intensity MSE between the registered and fixed image image. Noting that any combination of these three parameters could be expressed with an equivalent normalization α 2 i + α 2 s + α 2 g = 1, the parameter sweep is in fact forming the positive quadrant of a sphere with radius 1, as shown in Fig. 9 . For instance, the combination used previously, α i,s,g = (0.8; 0.15; 0.05), is equivalent to α i,s,g = (0.98, 0.18, 0.06), up to a scaling factor, which leads to an M SE = 4.7 × 10 −3 . The coloring on Fig. 9 shows the registration accuracy for all possible combinations of α i,s,g on Lena's image. The worst and best registrations are shown with their corresponding combinations of α i,s,g and their resulting registered images. This experiment shows that the weighting on spatial coherence should be low but non-zero. Having a stronger weighting actually degrades the registration accuracy, since α s penalizes large deformations. Best parameter combinations are shown to have ratios between 1/10 < α s /α g < 1/3.
Registration of Medical Images
The performance of the Spectral Log-Demons is evaluated in a medical application with the registration of brain MR images from the Internet Brain Segmentation Repository (IBSR, http://www.cma.mgh.harvard.edu/ibsr, our images are 64 3 volumes). The brain presents a wide variety of shapes and internal structures across individuals. While the cerebral cortex is particularly convoluted and is the focus of many specific surface matching techniques (Fischl et al. 1999; Yeo et al. 2010; Reuter 2009; Lombaert et al. 2011a) , the registration of internal components in the brain, such as the white or gray matter, requires a volumetric approach. We chose two individuals that have lateral ventricles with different sizes. See for instance Fig. 10 where the moving image shows a longer ventricle. We evaluate the registration accuracy with the overlap of the provided manual segmentations of the white and gray matter, measured with the Dice metric defined as the ratio 2(A ∩ B)/(|A| + |B|) with 1 being an optimal overlap, as well as with the mean squared differences of pixel intensities between the fixed and registered images. The original, unregistered, setting has a Dice metric of 0.65 in the white matter and 0.69 in the gray matter. Both algorithms, using 4 levels, increase the overlap of the white and gray matter to respectively above 0.71 and 0.75, with a slight advantage to the Spectral Log-Demons, however the Fig. 10 Registration in 3D between two brains from healthy subjects using Log-Demons and Spectral Log-Demons (both with 4 levels). While observations show apparently similar results (ventricles are circled), the mean squared differences of intensities (MSE, less is better)
between the fixed and registered images reveal an increase of 4 % in accuracy and precision when using Spectral Log-Demons. The Dice metrics of the white and gray matter (measuring segmentation overlaps, more is better) also increase with Spectral Log-Demons comparison of the mean squared differences of intensities reveals a 4 % improvement in accuracy and precision when using Spectral Log-Demons (from 29.0 × 10 −3 error in the original setting, decreasing to 20.8×10 −3 with Log-Demons and to 19.9 × 10 −3 with Spectral Log-Demons). This experiment showed that Spectral Log-Demons offers an improved performance in a real application when registering medical images.
The computation and the current implementation shows again that there is room for improvements with our method. With downsampled images of size 32 3 , 50 iterations requires 108.49 s with Log-Demons and 201.43 s with Spectral LogDemons. Notably, memory becomes problematic with our unoptimized Matlab code as volumes beyond 32 3 require the decomposition of Laplacian matrices larger than 32 3 × 32 3 . Although extremely sparse, our current code is not optimized for such large matrices.
Note on Image Segmentation
The Laplacian eigenmodes have been demonstrated to have important properties in the field of spectral graph theory (Chung 1997; Shi and Malik 2000; Luxburg 2007; Grady and Polimeni 2010) by providing a probabilistic foundation (Meila and Shi 2000; Robles-Kelly 2005) for graphbased segmentation methods. In particular, the normalized cut problem (Shi and Malik 2000) (Meila and Shi 2000) ). Spectral Log-Demons considers the more general Laplacian operator L and effectively exploits for registration the same global image description used by normalized cuts for segmentation. Here, the eigenmodes of the general Laplacian operator are used for image registration. Since the Fiedler vector is an inherent part of our algorithm, binary segmentations of images come at no extra cost by taking either the positive or negative values of the Fiedler vector, X (1) + or X (1) − . For example, the implicit segmentation of Lena's image, shown on top of Fig. 11 with overlaid image contours, was obtained with the nodal sets of the first and second eigenmodes. The positive values of the Fiedler vector gave warmer colors, negative values gave cooler colors (see also 1st and 2nd eigenmodes on Fig. 2 ). Nodal sets of higher frequency eigenmodes may additionally reveal important geometric features for meaningful segmentation, however, an exhaustive experimental study on the segmentation aspect of our registration method goes beyond the scope of this paper.
Groupwise Registration
In this second set of experiments, we evaluate the advantage of using spectral our new Global Spectral Forces, for con- structing atlases. We verify that the groupwise registration produces a valid average shape, and that it is capable of handling highly complex deformations. Similarly to the previous experiments, we first choose the parameters by using the conventional approach, here, with the GL-Demons, and compare the registration accuracy when using GSL-Demons with the same set of parameters:
Examples with real cardiac images are provided in order to demonstrate the advantage of using Spectral Forces, when organs exhibit a high shape variability.
Synthetic Deformations
Convergence and capture of large deformations are now evaluated. N /2 velocity fields v are generated randomly using 15 control points with random locations in the image and random displacements of at most 15 pixels, or 20 % of the image size, that are diffused over the image. Their forward and background transformations, exp(v) and exp (−v) , are applied to an initial image I 0 , holding thus the average shape to I 0 . This establishes our ground truth. Again, since we compare the convergence and its rate, and not the final performance, the multilevel scheme is purposely not applied. Figure 12 shows the groupwise registrations of 10 random hearts, 2D 75 × 75 images, through 100 trials. That is a total of 1,000 hearts. The average Dice metric, which measures the overlap between all computed average shapes and I 0 , as well as the intensity errors (MSE) reveal that the reference shape, defined arbitrarily as one of the 10 images, evolves toward the ground truth. In other words, the Dice metric increases while the MSE decreases. Moveover, the N deformation fields become closer to the ground truth during registration. The striking difference in the convergence rates shows the full power of GSL-Demons, less than 5 iterations are required, while GLDemons might not converge with such large deformations. 
Cardiac Atlases
We now evaluate the construction of atlases with organs of high shape variability. Ex vivo hearts are particularly challenging to register as they present a high variability in fixture poses due to flabby ventricular walls. The human ex vivo DTMRI dataset (Rapacchi et al. 2010; Lombaert et al. 2011b Lombaert et al. , 2012c provides good candidates to evaluate our algorithms. We use four hearts (b = 0 images of size 64 3 ) that were excluded in the construction of the human atlas (Lombaert et al. 2011c (Lombaert et al. , 2012c due to their hypertrophy and highly deformed shapes (see Fig. 13 ). GL-Demons, with 4 resolution levels, fail in recovering the shapes of the right ventricles, while GSL-Demons successfully constructs the atlas Fig. 13b . Local deformations are captured with the gradient-based update scheme in the higher levels of GSL-Demons as shown in Fig. 13c . A second cardiac atlas (Fig. 14) is constructed from a 3D+t MRI sequence, 11 frames of 64 3 with high systolic deformations on frame 6, as an example to show that GL and GSL-Demons can be successfully used on denser images and not only on segmented hearts.
Discussion and Conclusions
Finding an accurate dense pointwise correspondence between images becomes particularly challenging when a region of interest undergoes a large and complex deformation. The typical response found in the state-of-the-art consists of using a multilevel scheme in order to capture larger jumps in coarser resolutions. Although sufficient for most applications, a multilevel scheme does not change the inherent local scope of the updates derived from image gradients and quickly reaches its limit when image deformations become too strong. Other approaches utilize region-based descriptors (Liu et al. 2008 (Liu et al. , 2011 Brox et al. 2009; Brox and Malik 2011) that are specialized for finding correspondences between images with fast motion. The resulting transformations are however not diffeomorphic, and rely on a hierarchical matching of local patches that are characterized with histograms of local orientations, like in SIFT (Lowe 2004) .
In this paper, we propose a fundamentally new update scheme based on a simple direct feature matching technique that uses image, spatial and geometric information. The global scope of our new update scheme is captured through spectral representations of images that are invariant to isometry. Our approach consists of finding point correspondences with nearest-neighbor searches in a multidimensional space that embeds pixel intensity, Euclidean coordinates and spectral coordinates. Closest points between such embeddings find the best compromise between these three previous properties. The full power of this simple direct feature matching technique is demonstrated when it serves as a new original update scheme in classical frameworks for image registration and atlas construction. Larger deformations can effectively be captured through spectral representations, which are in turn refined throughout the improved registration process. The slight differences in spectral representations, which are due to small perturbation in isometry, diminish when images are warped to one another during the registration process. Among the existing frameworks, the Log-Demons algorithm is simple, intuitive, and provides symmetry and diffeomorphism of the transformation. It can additionally be extended to perform groupwise registration with the GL-Demons, which computes the average shape during the registration process. The Log-Demons algorithm and its groupwise extension are effective benchmark frameworks for comparing image registration and atlas construction between conventional and spectral approaches.
Other registration algorithms could have been enhanced with Spectral Forces, however, our evaluation and experiments focused on illustrating the properties and advantages of a spectral approach. It is likely that Spectral Forces may similarly improve other registration algorithms that are based on gradient-based updates, particularly on images that exhibit very large and complex deformations. One promising candidate could be the LDDMM, which was also shown to have difficulty in recovering very large deformations. Its elegant modeling of large deformations via time-dependent velocity fields could indeed benefit from using Spectral Forces, which could bring the algorithm optimization to farther away local minima that are unreachable with gradient-based, locally defined, update schemes.
Spectral Log-Demonsmay further benefit from other alternatives approaches since the general formulation in Eq. 2 could embed in fact any type of extra information that could potentially improve the matching accuracy. It may, for instance, incorporate local SIFT descriptors (Liu et al. 2008 (Liu et al. , 2011 as extra information in the multidimensional embeddings. However, rather than seeking for the best combination of extra features, or determining which registration method could best benefit from Spectral Forces, our experiments evaluated the improvements in registration accuracy that were due to the Spectral Forces. Their global scope effectively brings the optimization to a basin of attraction that is closer to an optimal registration. This also motivates the use of a hybrid multilevel scheme where global shape characteristics are present on coarser levels. Once large deformations are captured on a coarser level, finer details are efficiently registered using a conventional, faster, gradient-based update scheme.
The new pairwise registration method, called Spectral Log-Demons, successfully captured large and complex deformations. The spectral approach actually demonstrated a 73 % improvement in accuracy over the conventional LogDemons algorithm when registering images with displacements of more than 30 % of the image size. Furthermore, the new groupwise framework, called GSL-Demons, has demonstrated a drastic increase in the rate of convergence of the shape averaging process, typically, less than 5 iterations is necessary. A better robustness is also observed for large image deformations. In fact, while the conventional approach gets easily trapped in local minima, the spectral approach is able to successfully generate average shapes from 1,000 hearts with deformations as large as 20 % of the image size.
Our spectral approaches illustrate the feasibility of registering images and constructing atlases of organs having a large shape variability. As real applications, we constructed atlases with medical images exhibiting extreme deformations, in particular, with hearts having significant changes in shape configurations. The use of Spectral Forces, actually enabled the construction of atlases that were not possible with conventional approaches. However, there are important limitations to mention. From a practical point of view, we assumed that registered images must have a similar topology with no occlusions, holes, or missing parts. Images must have the same global shape. This is generally true in most applications as we are often interested in comparing the same object or similar ones, e.g., the same organ in medical imaging, but this can be a limiting factor in specific applications, e.g., organs with missing structures between images. This may for instance improve automatic organ localization by enhancing adapted registration algorithms with Spectral Forces (Ranjan 2011) . From an engineering point of view, there is still room for improvement as our main limitation currently resides in the computational cost of the spectral decomposition, which is applied on a N × N matrix, where N is the number of pixels.
Future work will aim at improving this computational burden, for instance by precomputing the eigenmodes before registration and updating them via differential calculus (Magnus 1985) in order to avoid the costly spectral decompositions during iteration. We will also investigate the use of the Nyström approximation (Drineas and Mahoney 2005) by sampling the Laplacian matrix. Moreover, the groupwise frameworks could further gain performance by benefiting from parallel computing, e.g., GPU. Besides practical improvements, the strong links between our approach and image segmentation (Meila and Shi 2000; RoblesKelly 2005; Weiss 1999 ) will also be studied in more depth, since this may lead to a global optimization framework where image registration, segmentation and shape averaging may be computed within the same joint framework. Nevertheless, we believe that our fundamentally new approach, relying on the global image structure to drive correspondences via spectral representations, is a significant contribution in the state-of-the-art of image registration and atlas construction. More precisely, our correspondence map respects the global Riemannian structure of the image on top of the differentiable structure. Isomorphism is brought by spectral coordinates while diffeomorphism comes from state-of-the-art methods. Our new improved spectral approach can improve applications that employ objects or study organs undergoing very large and complex deformations.
